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Abstract. In this paper, we propose one index ii(f) — *2(/) which measures 
how well-behaved a given finitely determined multigerm / : (K n , S) — > (K p , 0) 
(n < p) of corank at most one is from the viewpoint of liftable vector fields; 
and we answer the following problems when the index indicates that the given 
multigerm / is best-behaved. 

(1) When is the module of vector fields liftable over / finitely generated ? 

(2) How can we characterize the minimal number of generators when the 
module of vector fields liftable over / is finitely generated ? 

(3) How can we calculate the minimal number of generators when the module 
of vector fields liftable over / is finitely generated ? 

(4) How can we construct generators when the module of vector fields liftable 
over / is finitely generated ? 
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1. Introduction 

Let K be R or C, S be a finite subset of K n . Let Cs (resp., Co) be the set of smooth 
(that is, C°° if K = K or holomorphic if K = C) function-germs (K n , S) — > K (resp., 
(K p ,0) — > K) and let ms (resp., mo) be the subset of Cs (resp., Co) consisting of 
smooth function-germs (K n ,S) -> (K, 0) (resp., (K p ,0) ->• (K,0)). The sets C s 
and Co have natural K-algebra structures induced by the K-algebra structure of K. 
For a smooth multigerm / : (K n , S) -> (KP, 0), let /* : C -> C s be the K-algebra 
homomorphism defined by f*(u) = u o f. Put Q(f) = Cs/f*m Cs- 

For a smooth multigerm / : (K n ,S) -> (W,T) such that f{S) C T, where S 
(resp., T) is a finite subset of K™ (resp., K p ), let 9g{f) be the Cs-module consisting 
of germs of smooth vector fields along /. We may identify 0s{f) with Cs © ■ • • © Cs- 

p tuples 

We put 9 s {n) = Os(id.(K»,S)) and ®o(p) = 0{o}(*d-(K»,o))) where id( K n ]S) (resp., 
id.(KP,o)) is the germ of the identity mapping of (K n , S) (resp., (K p , 0)). 

For a given smooth multigerm / : (K n , S) — > (W, 0), following Mather ([TD]), we 
define tf and uif as follows: 

tf : 9 s (n) -> 9 8 (f), tf( V ) = dfo V , 

t»f ■ 0o(p) -»• 9 s (f), w/(o=e°/. 
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where df is the differential of /. For the /, following Wall ([E]), we put 

TK(f) = tf(m s 9 s (n)), TK e (f) = tf(6 s (n)), 

TC(f) = uf(m 6 (p)), TC e {f) = wf(9 (p)), 

TA(f) = TlZ(f) + TC(f), TAe(f) = TK e (f) + TC e (f), 

TK{f) = TU{f) + fWsCf), TK e (f) = TU e {f) + f*m 6 s (f). 

For a given smooth multigerm / : (IK™,,!?) — > (K p ,0) a vector field £ G #o(p) 
is said to be liftable over f if £ o / belongs to T1Z e (f). The set of vector fields 
liftable over / has naturally a Co-module structure. In this paper, we consider the 
following problems on the module of liftable vector fields. 

Problem 1. Let / : (IK™, S) — > (IK p ,0) be a smooth multigerm. 

(1) When is the module of vector fields liftable over / finitely generated ? 

(2) How can we characterize the minimal number of generators when the mod- 
ule of vector fields liftable over / is finitely generated ? 

(3) How can we calculate the minimal number of generators when the module 
of vector fields liftable over / is finitely generated ? 

(4) How can we construct generators when the module of vector fields liftable 
over / is finitely generated ? 

In order to study Problem 1 we generalize Mather's homomorphism ([11]) 

- f . 0q(p) ^ W) 
' m 9 (p) TK e {f) 

defined by 5J/([£]) = Note that 

VS(J) ^ TR.e(f) 



KJJ J TO \TK c (f) ) 



as finite dimensional vector spaces over IK for any smooth multigerm / satisfying 
dirriK 9s(f)/TIC e (f) < oo. Thus, by the preparation theorem (for instance, see 
[2]), we have that 9s{f) = TA e (f) if and only if TDf is surjective for any smooth 
multigerm / satisfying dims 9s(f)/TIC e (f) < oo. In the case that IK — C, n > p 
and S = {one point}, the map ujf : 9 (p) — > Tn^tf) gi yen by = is 

called the Kodaira- Spencer map of / and Mather's homomorphism ujf is called the 
reduced Kodaira- Spencer map of / ([9]). Thus, ujf is a generalization of the reduced 
Kodaira-Spencer map of / and the module of vector fields liftable over / is the kernel 
of ujf. We would like to consider higher versions of ZJf. For a non-negative integer 
i, an element of m l s or m is a germ of smooth function such that the terms of the 
Taylor series of it up to (i — 1) are zero. Thus, m° s = Cs and tUq = Co- For any 
non- negative integer i and a given smooth multigerm / : (IK™, S) — > (IK p ,0), we let 

_,. <o (p) y f*mie s (f) 



m +1 9 (p) TU e (f) n f*m 9 s (f) + f*m +1 9 s (f) 



be a homomorphism of Co-modules via / defined by = Then, 

it is clearly seen that iZJf is well-defined. Note that ow/ = uJf. Similarly as the 
target module of uJf, for any non-negative integer i and any smooth multigerm / 
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satisfying dims s(f)/TIC e (f) < oo, the target module of iwf is isomorphic to the 
following: 

f'm' 8 s U) 
TR t (/)n/'m;» s (/) 



f*m [7 



v TTC e (/)n/*mj,e s (/) / 

Thus, again by the preparation theorem, we have that f*rn l Q 9g(f) C TA e (f) if and 
only if ju;/ is surjective. The following holds clearly: 

Lemma 1.1. Let / : (K™, S) — > (K p , 0) be a smooth multigerm satisfying diniK 9s(f)/TK, e (f) < 
oo. Then, the following hold: 

(1) Suppose that there exists a non-negative integer i such that iujf is surjective. 
Then, fQf is surjective for any integer j such that i < j . 

(2) Suppose that there exists a non-negative integer i such that iujf is injective. 
Then, jZuf is injective for any non-negative integer j such that i > j. 

Definition 1.1. Let / : (K n ,S) — > (K p ,0) be a smooth multigerm satisfying the 
condition dim&6s(f)/TfC e (f) < oo. 

(1) Put h(f) = {i e {0} U N | i^f is surjective}. Define h{f) as 

. f oo (if/i(/) = 0) 

l ^>-\ minh(f) (if 7 a (/) ^ 0). 

(2) Put J 2 (/) = {i E {0} U N | iWf is injective} . Define i 2 (f) as 

r -oo (ifj a (/) = 0) 

i 2 (f) = { max/ 2 (/) (if0^/ 2 (/)^{O}UN) 
[ oo (if/ 2 (/) = {0}UN). 

A smooth multigerm / : (K n ,S) — > (K p ,0) is said to be finitely determined if 
there exists a positive integer k such that the inclusion m k s 6s{f) C TA e {f) holds. 
The proof of the assertion (ii) of proposition 4.5.2 in [19 works well to show the 
following: 

Proposition 1. Let f : (K n ,S) — > (K p ,0) be a finitely determined multigerm 
satisfying 9 s {f) ^ TA e (f). Then, i 2 (f) > 0. 

In the rest of this paper we concentrate on the case n < p. It is reasonable to do 
so since there is already an extensive theory in the case n > p and, in the case n < p 
there seems to have been no answers to 1-4 of Problem 1 for a given multigerms 
which is well-behaved from the viewpoint of liftable vector fields (Note that in the 
case n < p the minimal number of generators is greater than p in general. For 
details, see §3. Thus, the target dimension p is not an answer to 2 of Problem 1). 
We want to answer all of 1-4 of Problem 1 for well-behaved multigerms in the case 
n < p. 

Suppose that / : (IK™, S) — > (K p ,0) is finitely determined. Then, since it is 
clear that f*moCs C mj, there exists a positive integer k such that the inclu- 
sion f*niQ9s{f) C TA e {f) holds. Thus, feu;/ is surjective. Conversely, suppose 
that there exists a positive integer k such that \^U5f is surjective for a smooth 
multigerm / : (K n ,S) -> (K?,0) satisfying dim K s (/)/T7C e (/) < oo. Then, as 
we have confirmed, the inclusion f*m 1 ^9s{f) C TA e {f) holds by the preparation 
theorem. In the case n < p, by Wall's estimate (theorem 4.6.2 in [19]), the con- 
dition dims 6s(f)/TK e (f) < oo implies that there exists an integer £ such that 
m £ s C f*moCs- Hence, we have the following: 
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Proposition 2. Let f : (K n ,S) — > (W,0) be a smooth multigerm satisfying the 
condition diniK 6s(f)/TK e (f) < oo. Suppose that n < p. Then, i\(f) < oo if and 
only if f is finitely determined. 

A smooth multigerm / : (K n ,S) — > (IK p ,0) (n < p) is said to be of corank at 
most one if max{n — rankJ f(sj) | 1 < j < \S\} < 1 holds, where Jf(sj) is the 
Jacobian matrix of / at sj 6 S and \S\ stands for the number of distinct points of 
S. 

Proposition 3. Let f : (K n ,S) — > (W,0) (n < p) be a finitely determined multi- 
germ of corank at most one. Then, i\{f) > 12(f)- 

Proposition 3 is proved in §2. Proposition 3 yields the following corollary. 

Corollary 1. Let f : (IK™, S) — > (K p ,0) (n < p) be a finitely determined multigerm 
of corank at most one. Suppose that there exists a non-negative integer i such that 
iUf is bijective. Then, the following hold: 

(1) For any non-negative integer j such that j < i, jUJf is infective but not 
surjective. 

(2) For any non-negative integer j such that i < j, fU5f is surjective but not 
infective. 

Example 1.1. Let e : K — > IK 2 be the embedding defined by e(x) = (x, 0) and for 
any real number 9 let Rg :K 2 ^ K 2 be the linear map which gives the rotation of 
K 2 around the origin with respect to the angle 9. 

\Y ) - \ sine cose ) \ Y ) ■ 

For any non-negative integer I put S = {s , ■ ■ ■ , s^+i} (sj 7^ Sk if j 7^ k). For the 
I define 9j = jjh^ an d ej ■ (K, Sj) — > (K 2 ,0) as ej(xj) = Rg j o e(xj) for any j 
(0 < j < I + 1), where xj = x - sj. Then, E t = {e , . . . , e e+1 } : (K, S) (IK 2 , 0) 
is a finitely determined multigerm of corank at most one. The image of E( is a 
line arrangement and hence the Euler vector field of the defining equation of the 
image of Eg is a liftable vector field over Eg. It follows that iZJEe is not injective. 
Furthermore, it is easily seen that qUjEi is injective even in the case I = (in the 
case I > 1 this is a direct corollary of Proposition 1). Thus, ii(Ei) = 0. On the 
other hand, it is seen that ii(Eg) = I. Therefore, ii(Eg) — i2(Eg) = I. 

This example shows that there are no upper bound of i\(f) — 12(f) for a finitely 
determined multigerm / : (K",^) — > (IK p ,0) (n < p) of corank at most one in 
general. By this example one may guess that the integer i\(f) — «2(/) can be a can- 
didate of index to measure how well-behaved a given finitely determined multigerm 
of corank at most one is from the viewpoint of liftable vector fields. 

In the rest of this paper we concentrate on the case that the index i\(f) — «2(/) 
is the smallest. 

Theorem 1. Let f : (K n , S) — > (K p , 0) (n < p) be a finitely determined multigerm 
of corank at most one. Suppose that there exists a non-negative integer i such 
that ituf is bijective (namely, i\(f) = 12(f) = i)- Then, the minimal number of 
generators for the module of vector fields liftable over f is exactly dims ker(i+iw/). 
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Note that the embedding e in Example 1.1 is not an example of Theorem 1. 
Actually, since owe is surjective but not injective, i\(e) = and 12(e) = — 00. On 
the other hand, the multigerm Eq in Example 1.1 is an example of Theorem 1 
though Eq does not satisfy the assumption of Proposition 1. Furthermore, a lot of 
examples of Theorem 1 are given in §3. Example 1.1 and examples in §3 suggests 
that Theorem 1 may be regarded as an answer to 1, 2 of Problem 1 for a smooth 
multigerm / which is best-behaved from the viewpoint of liftable vector fields. 

In order to answer 3 of Problem 1 for a given finitely determined multigerm / 
of corank at most one satisfying the condition ii(f) — 12(f), we generalize Wall's 
homomorphism f[19j) 

*/ : Q(fT -> Q(fY, tf(M) = [tm] 

as follows. For a given smooth multigerm / : (K™, S) — > (K p ,0) satisfying the 
condition dim%Q(f) < 00, let 6(f) (resp., 7(/)) be the dimension of the vector 
space Q(f) (resp., the dimension of the kernel of tf). For the / and a non-negative 
integer i, we put iQ(f) = f*m t Q C s / /*m +1 C s and l S(f) = dim Ki Q(/). Thus, 
we have that Q(f) = Q(f) and 6(f) = 6(f) = dim K <?(/). The Q(/)- modules 
iQ(f) n an d iQ(f) p may be identified with the following respectively. 

rm|w and r^Qs(f) 

rml +1 e s (n) n f*mi +1 6 s (f) 

We let ij(f) be the dimension of the kernel of the following well-defined homomor- 
phism of Q(/)-modules. 

itf ■ iQ(f) n -> iQ(f) p , itf(M) = W(v)}- 

Then, we have that i5(f) < 00 if 6(f) < 00 and i~f(f) < 00 if j(f) < 00. For details 
on iQ(f), i6(f), itf and a(f), see [H]. 

Proposition 4. Let f : (K™, S) — > (K p ,0) be a smooth multigerm of corank at 
most one satisfying the condition dimK<5(/) < 00. Suppose that there exists a 
non-negative integer i such that i+iujf is surjective. Then, the following holds: 

dim K ker( i+1 cj/) = p ■ ( * ^ - ((p - n) ■ i+i 6(f) + i+1 j(f) - a(f)) , 

where the dot in the center stands for the multiplication. 

Proposition 5. Let f : (K n ,S) — > (K p ,0) be a smooth multigerm of corank at 
most one satisfying the condition dim^Q(f) < 00. Then, the following hold: 

(1) 07(/) =7(/)= <*(/)- 
(2) 

iS(f)= ( U + l r 1 )-6(f), Mf)=( n + \~ X )-7(f) (^NU{0}). 

By combining Propositions 4 and 5, for a smooth multigerm / of corank at most 
one such that dimx Q(f) < 00, the .A-invariant "diniK ker(i + i<U/)"can be calculated 
easily by using /C-invariants "6(f), 7(/)"when there exists a non-negative integer i 
such that i+iUjf is surjective. 

In Section 2, proofs of Propositions 3, 4 and 5 are given. In Section 3, examples 
for which actual calculations of minimal numbers of generators are carried out are 
given. Theorem 1 is proved in Sections 4. In Section 5, by constructing concrete 
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generators for several examples, it is shown that the proof of Theorem 1 may be 
regarded as an answer to 4 of Problem 1 in principle. 



2. Proofs of Propositions 3, 4 and 5 
We first prove Proposition 5. 

Proof of Proposition 5. 

Put S = {si, . . . , s\ S \} (sj ± s k if j ^ k) and for any j (1 < j < \S\) let fj be 
the restriction f\(K™. Sj )- Then, we have the following: 



\s\ 

5(f) = dim K Q(f) = diniK Q(fj) 
\s\ 

-f(f) = dim K ker(i/) = ^ dim K ker(i/j) 



\s\ 

|S| 

\s\ 

(5(^-1) = 6(f) -\S\ 

3=1 



This completes the proof of the assertion 1 of Proposition 5. 

Next we prove the assertion 2 of Proposition 5. Since / is of corank at most one, 
for any j (1 < j < \S\) there exist germs of diffeomorphism hj : (K™, sj) — > (K™, sj) 
and Hj : (K p , 0) -> (K p , 0) such that if, o o /iT 1 has the following form: 

Hj o fj o hj 1 (x, x n -!,y) 

— (xi , . . . , X n ^i , 7/ -\- fj n (x\^ . . . , X n —i , 7/), fj^ n -\-\ (x\ , . . . , X n _i , y), . . . , fj,p(X\ , ■ • • , ^n-b £/))■ 

Here, xi, . . . , x n -i,y are local coordinates of the coordinate neighborhood (t/j, /ij) 
at Sj and /j >9 satisfies fj, q (0, ■ ■ ■ , 0, y) — o(y st -t j >) for any q (n < q < p). By the 
preparation theorem, C Sj is generated by 1, y, . . . , y^fi)~ x as Co-module via fj. 
Thus, f*m t C Sj is generated by elements of the following set as Co-module via fj. 



k m >0, ^T t k m = i,0<t<5(f j )-1 



m—l 



Thus, the following set is a basis of iQ(fj). 



X l X n-1 V 



k m >0,£ k m = i,0<e<S(fj)-l 



m—l 
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Therefore, we have the following: 

| $ | | 5" | P ^ /~f 

— ^ J j T7Z q O 

dim K iQ(/ i ) = 2^dim K 



3 = 1 j=l ■>] ■ 



= e^t 1 )-^ 

j=l V ' / 



\s 

n + i — 1 



n + i — 1 



«(/)■ 



Next we prove the formula for ,7(/). Since it is clear that i'y(fj) does not depend 
on the particular choice of coordinate systems of (K n ,Sj) and of (K p ,0), we may 
assume that fj has the above form from the first. Then, it is easily seen that the 
following set is a basis of kei{ifj . 

n 

k m >0, ^k m = i,l<l<8{f 3 )-l 



rn—1 



0® ■ ■ •90 (Sxl 1 ■ ■ ■ x k n ^y kn5Ui)+l 
.(n-i) tuples 
Therefore, we have the following: 

|S| \s\ , . . 

i7 (/) - dim K ker( J/) = ]T dim K ker( J/,) = E ( ; ) ' ~ X ) 



n + i — 1 
i 

n + i — 1 



E^) 

■7(/)- 



Q.E.D. 



Secondly, we prove Proposition 4. 
Proof of Proposition 4 

Consider the linear map i+iif. Then, we have the following: 

dim Kj+ iQ(/)™ = »+i7(/) + dim K Image( i+ ii/). 

Since dimjc Q(f) < oo and / is of corank at most one, it is easily seen that tf is 
injective. Hence we see that 

r^ e (/)n/*m^ +1 g s (/) 

Tll e (f)nf*mi+ 2 6s(f) 
Therefore, we have the following: 

rml +1 6 s (f) 
TK e {f) n f*mi +1 e s (f) + f*m}+- 2 6s(f) 



dim K ^ '- — z — ° +2 = dim K Image( i+ it/) + a(f). 



d™ K — J ° ,;,7 f . <+2 , - = (P - n) ■ i+ iS(f) + j+l7 (/) Mf)- 
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Hence and since i+\Ojf is surjective, we have the following: 
dim K ker (i+i57/) = dim K m °, 2 ^°^ - dim K 



o %(P) d - f*< +1 0s(f) 

m^Boip) K TK e (f) n f*m l Q +1 9 s (f) + f*^+ 2 e s {f) 



p + 1 
i + l 



((p -n) •,+!*(/) + i+ i 7 (/)- i7 (/)). 

Q.E.D. 



Finally, we prove Proposition 3. 

Proof of Proposition 3 

By Lemma 1.1, it sufhcies to show that for any i and any finitely determined 
multigerm / : (IK™, S) — > (K p ,0) (n < p) of corank at most one satisfying that ilUf 
is surjective, i+iujf is not injective. By Lemma 1.1, j+iuJf is not injective if iuf is 
not injective. Thus, we may assume that iujf is bijective. 

We first prove Proposition 3 in the case i = 0. Since we have assumed that ZJf 
is bijective, the following holds (see [T3] or |19j): 

P'( P n 1 ) =dini K -^L = (p-n)- 5(/)+07(/)- 
V u / m 9o[P) 

Note that the above equality can not be obtained by Proposition 4. Note further 
that at least one of p — n > or o7(/) > holds by this equality. We have the 
following: 











p- 




= P 2 - 





= p-((p-n)- *(/) + o7(/)) 

- --((p-n)-i<y(/) + i7(/)) (by 2 of Proposition 5) 
n 

> (p-n)-i5(/) + l7 (/) (byn<p) 

> (p-n).i*(/) + i 7 (/)-o7(/) (by 7(/)>0). 



Since we have confirmed that at least one of p — n > or o7(/) > holds, we have 
the following sharp inequality: 

P-(l) >(P-»)-i*(/) + i7(/)"07(/). 

Hence iuJ/ is not injective by Lemma 1.1 and Proposition 4. 

Next we prove Proposition 3 in the case i > 1. Since we have assumed that iuJ/ 
is bijective, we have the following equality by Proposition 4: 

) = (P-»)'**(/)+i7(/)-«-i7(/) 



(p - n) • <*(/) +1 — — • i7 (/) (by 2 of Proposition 5) 

\ n + i- lj 

(p-n)- i 5(f)+ "T 1 -«7(/). 

n + « — 1 
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Note that at least one of p — n > or (n — 1) • ij{f) > holds by this equality. We 
have the following: 

p + i \ p + i { P + i — 1 



i+1 / i+l * \ i 

. £±i.( (l ,-„ ) , i(/ ) + _|=l T , 7(/) 

= ^ - ■ b -»)■<«*(/) + — t^— r ■ ^ ■ «*) 

2 + 1 \?l + 7 71 + 2—1 ti + z 

(by 2 of Proposition 5) 

= — -t • ip-n) -i+idif) + — — — — -i+i7(/) 

n + i n+i— ln+i 

> (p-n)- i+1 S(f)+ P+l ■ ■ , 1+l7 (/) (byn<p) 

71 + 2 — 1 n + z 
71—1 

> (p - n) • i+i<5(/) + — — ■ j+ i7(/) (by n < p and (n - l) l+ i 7 (/) > 0) 

71 + 2 

= {p-n) ■ i+1 S(f) + l+1 -f(f) - ij{f) (by 2 of Proposition 5). 

Since we have confirmed that at least one of p — n > or (n — 1) • ij(f) > holds 
and j + i7(/) = 'il(f) by the assertion 2 of Proposition 5, we have the following 
sharp inequality: 

P ■ ( I X\ ) > (P - n) ■ i+ rS(f) + m7 (/) - Mf)- 
Hence, i+icOf is not injective by Lemma 1.1 and Proposition 4. Q.E.D. 

3. Examples 

Example 3.1. Let ip : (IK™. 0) — > (K™, 0) be the map-germ given by <p(x±, . . . , x„_i, 
y) = (xi, . . . , x n -i, y n+1 + Y^i=i x iV % )- Then oZJip is known to be bijective by [14] 
or [12] . By Corollary 1, Propositions 4, 5 and Lemma 1.1, the minimal number 
of generators for the module of vector fields liftable over ip can be calculated as 
follows: 

„.(T)-((.-.,. I iM + 1 iM-.*»» 

= 7i 2 - ((?i - n) ■ n ■ (n + 1) + n ■ (n + 1 - 1) - (n + 1 - 1)) 

= 71. 

It has been verified in [1] that the minimal number of generators for the module of 
vector fields liftable over ip is exactly ti in the complex case. 

Example 3.2. Let ip k : (K 2fe - 2 ,0) (K 2fe - 1 ,0) be given by 

<p k {ui, . . . ,iifc-2,vi, . . . ,7jfe-i,y) 

ui,. . . ,u k - 2 ,vi 7 . . . ,v k -i,y k + ^2u i y\^2v l y l J . 

i=l i=\ / 

Then owyt is known to be bijective by [14] or [12]. By Corollary 1, Propositions 
4, 5 and Lemma 1.1, the minimal number of generators for the module of vector 
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fields liftable over ipk can be calculated as follows: 

(2k - 1) • ( 2k ~ M - {{{2k - 1) - {2k - 2)) ■ 1 d{ lfik ) + l7 (cp k ) - o 7 (v*)) 



1 

= (2k - if - (((2k - 1) - (2k - 2)) • (2k - 2) • k 
+(2k - 2) • - 1) - (k - 1)) 

= 3fc-2. 

It has been verified in [B] that the minimal number of generators for the module of 
vector fields liftable over ipk is exactly 3fc — 2 in the complex case and in the case 
a set of generators has been obtained in [7] (see also [4]). 

Example 3.3. Let ijj n : (K",0) (K 2rl_1 , 0) be given by 

^n(wi, ■ • • , « n _i, J/) = (vi, . . . , w„_i, y 2 , wiy, . . . , u„_it/). 

Then wi/) n is known to be bijective by [20] or [21] or [12]. By Corollary 1, Propo- 
sitions 4, 5 and Lemma 1.1, the minimal number of generators for the module of 
vector fields liftable over ip n can be calculated as follows: 

(2n 1) • ( 1 ) - (((2n 1) - ») • i%>) + Mf) - o7fo0) 

= (2n - l) 2 - ((n - 1) • n • 2 + n ■ (2 - 1) - (2 - 1)) 
= 2n 2 - in + 2. 

In the case that n = 2, i/'a equals <^2 of Example 3.2. Thus, in this case, It has 
been verified in [4] and [6] that the minimal number of generators for the module of 
vector fields liftable over ip2 is exactly 4 in the complex case and a set of generators 
has been obtained in [4] and [7]. 

Example 3.4. Examples 3.1, 3.2 and 3.3 can be generalized as follows. Let / : 
(K, 0) — > (K p ,0) (p > 2) be a smooth map-germ such that 2 < i5(/) < oo and let 
F : (KxK c ,0) ^ (K p x K c , 0) be a A^-miniversal unfolding of /, where JC- minivers al 
unfolding of f is a map-germ given by (5.8) of [11] with c — r. Then, by [TT] or 
[12] ujF is bijective. Note that c = pS(f) - 1 - p by theorem 4.5.1 of [19]. By 
Corollary 1, Propositions 4, 5 and Lemma 1.1, the minimal number of generators 
for the module of vector fields liftable over F can be calculated as follows: 

(P + c) ■ ( P + C ) - (((p + c) - (1 + c)) • 1( 5(F) + l7 (F) - o7 (F)) 

= (P + cf - ((p - 1) • (1 + c) • *(/) + c ■ (5(f) - 1)) 
= p 2 -8(f) -p- 5(f) + 6(f) -p. 

A smooth multigerm g : (K n , S) -> (K p , 0) is said to be stable if 6s(g) = TA e (g) is 
satisfied. By Mather's classification theorem (theorem A of QT]), proposition (1.6) 
of [11], Mather's normal form theorem for a stable map-germ (theorem (5.10) of 
[TT]). the fact that the sharp inequality p 2 5(f) — p5(f) + 5(f) — p > p + c holds 
(since p,5(f) > 2) and the fact that the module of liftable vector fields over an 
immersive stable multigerm is a free module if and only if p = n + 1, we have the 
following: 

Proposition 6. Let f : (IK™, S) — > (K p ,0) (n < p) be a stable multigerm of corank 
at most one. Then, the module of liftable vector fields over f is a free module if 
and only if the properties p = n + 1 and 5(f) — \S\ are satisfied. 
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Example 3.5. Let / : (K, S) — > (K 2 , 0) be any one of the following three. 

(1) x (x 4 ,x 5 + x 7 ) (taken from [3]). 

(2) x ^ (x 2 , x 3 ) , x (x 3 , x 2 ) (taken from [5]). 

(3) x >-)■ (x,0),x i y (0,x),x >-)■ (x 2 ,x 3 + x 4 ) (taken from [5]). 

It has been shown in [3] or [5] that T7C(/) = TA(f) is satisfied. Thus, {Of is 
surjective. We can confirm easily that the following equality holds. 




= (2-l). 1 5(/) + l7 (/)-o 7 (/). 



Thus, {Of is injective by Proposition 4. By Corollary 1, Propositions 4, 5 and 
Lemma 1.1, the minimal number of generators for the module of vector fields liftable 
over / can be calculated as follows: 




-((2-l). 2 5(/)+ 27 (/)- l7 (/)) 



= 2 • 3 - ((2 - 1) • 1 • 4 + (4 - |5|) - (4 - \S\ j) 
= 2. 

In the case K = C, it has been known that any plane curve is a free divisor by |18) . 
Thus, by combining [5j and [18] . it has been known that the minimal number of 
generators for the module of vector fields liftable over / is 2 in the complex case. 

Example 3.6. Let / : (K 2 ,0) -> (K 2 ,0) be given by f(x,y) = (x,xy + y 5 ± y 7 ) 
(taken from [16]). It has been shown in [16] that TJC(f) = TA(f) is satisfied. Thus, 
iZJf is surjective. It is easily seen that the following equality holds. 




= (2-2)- 1( 5(/) + l7 (/)-o7(/). 



Thus, iZJf is injective by Proposition 4. By Corollary 1, Propositions 4, 5 and 
Lemma 1.1, the minimal number of generators for the module of vector fields liftable 
over / can be calculated as follows. 

2 (2 ) -((2-2)- 2 <5(/)+27(/)-i7(/)) 

= 2 • 3 - ((2 - 2) • 3 • 5 + 3 • (5 - 1) - 2 • (5 - 1)) 
= 2. 

As same as Example 3.5, it has been known that the minimal number of generators 
for the module of vector fields liftable over / is 2 in the complex case. 

Example 3.7. Let / : (K 4 ,0) ->■ (K 5 ,0) be given by the following: 

f(x 1 ,x 2 ,x 3 ,y) = {x 1 ,x 2 ,x 3 ,y 4 + X!y,y 6 + y 7 + x 2 y + x 3 y 2 ). 

This example is taken from [17] where the property TX(/) = TA(f) has been 
shown. Thus, iujf is surjective. It is easily seen that the following equality holds. 




= (5-4)- 1 5(/) + l7 (/)-o 7 (/)- 



Thus, iujf is injective by Proposition 4. By Corollary 1, Propositions 4, 5 and 
Lemma 1.1, the minimal number of generators for the module of vector fields liftable 
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((5-4). 2 <K/)+27(/)-i7(/)) 



over / can be calculated as follows: 

6 
2 

= 5 • 15 - ((5 - 4) • 10 • 4 + 10 • (4 - 1) - 4 • (4 - 1)) 
= 17. 

4. Proof of Theorem 1 

Since iujf is surjective, by Lemma 1.1 we have that jZof is surjective for any 
j > i. Since iuOf is injective, any £ 6 0o{p) such that w/(£) E TlZ e (f) is contained 
in mQ +1 #o(p)- Put p(f) = diniK kcr( i+ icj/). Then, since iUjf is bijective, p(f) must 
be positive by Corollary 1. Let {£i + TOq +2 6> (p), . . . , £ P (/) + m t ^ 2 9 (p)} be a basis 
of ker(j_|_iaJ/). Then, we have that 

o / e TKeif) n tmi+'esif) + rmi+ 2 e s (f) (1 < j < P (f)). 

Since i+2w/ is surjective, we have the following: 

ttzm) n rmi+'esif) + f*K +2 e s {f) 

= TK e (f) n /*mj +1 s (/) + TK e (f) n f*mi +2 e s (f) + w/ K +2 o (p)). 

Thus, for any j (1 < j < p(/)) there exists £j G mo +2 #o(p) such that (£j + £j) ° / S 
TTZ e (f) n T£ e (f). Let A be the C -module generated by ^ + ^- (1 < j < 

Let w/ : o (p) -> 7^X71 be S iven ^ = W A£) + T7 ^Cf). Then > kcr (^/) 

is the set of vector fields liftable over /. In order to show that ker(w/) = A, we 
consider the following commutative diagram. 

> ► ker(6 3 ) 



m ker(w/) 



-+ ker(w/) 



a 2 . i+2 

> to 



-> TO, 



o "'o(p) 
4+1 ^o(p) 



coker(fei 



-> coker(6 2 ) 



/«mo(TK e (/)n/*m^ +1 e s (/)) 
/•m^, + 1 9 s (/) 

TK c (/)n/*mJ, +1 e s (/) 



-> 



coker(fe 3 ) 



Here, cij (j = 1,2), 6j (j = 1,2) are inclusions, 63 is defined by &3([£]i+2) = [£]i+i 
and Cj - (j - 1,2) are defined by Cj (£) = [w/(0]i+j> wh ere = f + Tft e (/) n 

f*mi +1 e s (f) and [^+2 = £ + f*m {T1Z e (f) n /*to* +1 # s (/)) . 

Lemma 4.1. 

/*to (T^ e (/) n /*to^ +1 s (/)) = Tfte(/) n /*TO^+ 2 5 (/). 

Proof of Lemma {J. It is clear that f*m (Tll e {f) n f*ml +1 6 s (f)) C Tft e (/) n 
/*TOq +2 ^s(/). Thus, in the following we concentrate on showing its converse. Let 
£ be an element of TTZ e (f) n f*m 1 ^ r2 9s{f)- Let /j be a branch of /, namely, 
fj = /|(K»,a,) (1 < j < Then, we have that £ G Tft e (/,) n f*rrj+ 2 6 Sj (/,) for 
any j (1 < j < |5|). Thus, there exists 77^ £ d Sj {n) such that tfj(rjj) = £. 
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Since / is of corank at most one, for any j (1 < j < \S\) there exist germs 
of diffcomorphism hj : (K n ,s 3 ) ->• (K n , Sj) and Hj : (K^.O) -> (K^.O) such that 
i/j o fj o hj 1 has the following form: 

Hj o fj o hj 1 (x, x n -t,y) 

— (xi , . . . , X n _i , 7/ ^ + /j n (xi , . . . , X n _i , y), fj^ n -\-\ (Xl , . . . , X n _i , 7/), . . . , fj.p(x\ , . . . , X n _i , 7/)). 

Here, xi, . . . , x„_i, y are local coordinates of the coordinate system (f/j, /ij) at Sj 
and satisfies fj, q (0, . . . , 0, y) = o(y s ^) for any q (n < q < p). Put 

m = Y, 'i ■■ '■'777- + llj "777 l im,ii X- 



ax, 



m— 1 q— 1 

Then, by the above form of Hj o fj o hj 1 and the equality tfj(t]j) — £, the following 
hold: 

r)j,m(xu---,%n-uy)=tm(xu---,%n-i,y) (1 < TO < n - 1) (4.1) 
A(xi , . . . , xn-i , y)%n (xi , . . . , x„_i , y) = /u(xi , . . . , x„-i, y) , (4.2) 
where A = <5(/.)y^)-i + ^i and M = ^-E^i »fc>,fe • Since £ q e f*^+ 2 C S] 
for any q (I < q <p), by (4.1) we have that r7j, m £ f*m t i ~ 2 C Sj for any to (1 < to < 
n - 1). 

Since /j, 9 (0, . . . , 0, y) = o{y s ^^) for any g (n < g < p), we have the following 
properties: 

(1) Q(fj) = Q(xi,...,x„_i,y ,5 Wj)) = Q(x 1 ,...,x n ,y\). 

(2) [1], [y], . . . , [y 5 ^- 2 ], [A] constitute a basis of Q(fj). 

Thus, by the preparation theorem, C' Sj is generated by 1, y, . . . , y* 5 ^^ 2 , A as Co- 
module via fj. Therefore, for any positive integer r, /*TOgC Sj . is generated by 
elements of the union of the following three sets U r ,V r , W r as C -module via fj . 

( n-l 

U r 



V r 



W r 



x^-.-xt^X^V" 



k m >0,J2k m = r-k n <r,0<£< 5(fj) -2 , 

m=\ ) 

k m ^ 0, ^ ' k m = r k n , > , 



m— 1 



n-2 



k m >0,J2k m =r,0<£<5(fj)-2 \. 



m—l 



Then, by using these notations, for any to (1 < to < n — 1) r\j tJn can be expressed 
as follows: 

where <p u .j ym , <Pv,j,mi ^wj.m are some elements of C a , . 



and 



Next, we investigate r)j. n . Since /i has the form /i = — X)m=i %"i75T 
^n,Vj,m are contained in f*m l i ~ 2 C Sj , [i is contained in f*m l ^ r2 C Sj . On the other 
hand, A must divide \i by (4.2). Thus, is generated by elements of Ui + 2 U Vi+2- 
Hence, r\j, n = j can be expressed as follows: 



A : 
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where <Pu,j,n,<Pv,j,n are some elements of C Sj . Since j G K+i U V^+i U VFi+i for 
any u E U l+2 and f e f7 i+ i (resp., f e Vj+i) if > 2 (rcsp., = 1) for any 

v € V^ +2 , »jj, n is belonging to f*m l +1 C Sj . 

Since f*m l + 2 C S] C f*m l +1 C S:j , for any j (1 < j < |5|) and any m (1 < m < 
n — 1), we have the following: 

d 

1 9a;„ 



w 



dx r , 



= t -fi I I E ^,j, m U + <Pv,j,mV + Piu.j.m 

- E E E -(^ 

where {p u ,j,m,<Pv,j,m,<Pw,j,m are some elements of C Sj . Furthermore, for any j (1 < 
j < \S\) we have the following: 

= \ \ E + E + E ^w,j,nW J 

\ \ueu i+ i v<=v i+1 wew i+1 J , 

= E u (^>^;) ) + E w (*£ (^^"^) ) + E w (*£ 

uet/ i+ i ^ ^ vev i+1 ^ ^ ^ v - 

where ip u ,j,m ipw,j,n are elements of C Sj . Since the union t/j+i U V^+i U Wj+i 

is a finite set, we have the following: 

/n-l a a \ 



? - */j (^E + ^ n d~ y ) e -^ m " +1 n />°M£)) • 

Thus and since i + 1 > 1 and fj is any branch of /, we have that 
£e/*m (77Je(/)nrmj +1 fl s (/)). 

□ 

Lemma 4.1 implies that C2 is surjective, thus even the second row sequence is exact. 
Lemma 4.1 implies also that b% is injective and thus ker(63) = 0. Hence, by the 
snake lemma, we see that d\ is injective. On the other hand, since there exists an 
isomorphism 

r< +1 s (f) > cokc (b ) 

such that d 2 = p o j+itJf we have that ker(d 2 ) = kcr((^ o i+1 ZJf) = ker( i+ iuJf). 
Therefore, we have the following: 



dim K ^^{L = dim K ker( i+ io;/) = p(f) = dim K ■ 



m ker(ix)/) mo A 

Hence and since A is a submodule of ker(d)/) we have that ker(d)/) = A. Q.E.D. 
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5. HOW TO CONSTRUUCT GENERATORS 

In principle, the proof of Theorem 1 provides how to construct generators for 
the module of liftable vector fields over a given finitely determined multigerm / 
satisfying the assumption of Theorem 1. In this section, we examine it by some 
examples. 

5.1. Generators for the module of vector fields liftable over ip n of Example 

3.3. We let (Vi, . . . , V n -i,W, Xi,..., X n -i) be the standard coordinates of K 2n_1 . 
Since ou>i/j n is bijective we first look for a basis of ker(iuJ^i>„). We can find out easily 
a basis of ker(iZJV>n) which is (for instance) the following: 

V i —+X i —+m 2 6 (2n-l) (1 < i,j < n - 1), 

Q 

Xi— + m 2 e {2n - 1) (l<i,j<n-l), 

2X i -^+m 2 e (2n-l) (l<i<n-l), 
d ^„ d 



dW fr? J dX, 

3 = 1 J 

Since any component function of ip n is a monomial, we can determine easily the 
desired higher terms of liftable vector fields and thus we see that the following 
constitute a set of generators for the module of vector fields liftable over ip n . 

d d 



dW 4-? " dXj 

3 = 1 

o n— 1 q 
3 = 1 

5.2. Generators for the module of vector fields liftable over / of Example 
3.5.2. Recall that the multigerm / of Example 2.6.2 is fi(x) = (x 2 , x 3 ), f2{x) — 
(x 3 ,x 2 ). Let (X, Y) be the standard coordinates of K 2 . Since iuJf is bijective we 
first look for a basis of ker( 2 aJ/). We can find out easily a basis of ker( 2 w/) which 
is (for instance) the following: 

6XY ^ + 4Y2 w + m ^ o(2) ' Ax2 ik + 6XY w + m ^ o(2) - 

Put m,i,i = 3x 4 ^, 771,2,1 = 2x 3 £ and £ M = &XY -J^ + AY 2 . Then, we have 
the following: 

d 

£1,1 o fi - dfi o 771,1,1 = -5x gy, 
6,1 °h~ df 2 o 771,3,1 = 0. 
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Put £1,2 = 5X 3 J=y. Then we have the following: 

(6,1+6,2)°/! -d/i 0771,1,1 =0, (5.1) 

(6,1 + 6,2) o h - dh o 771,2,1 - 5x 9 ^. (5.2) 
Put 6,3 — ~"5Xy 3 ^7 and 771,1,2 = — f^ 9 ^- Then we have the following: 

(6,1 + 6,2 + 6,3) ° fi - dfx o (771,1,1 + 771,1,2) = ys 10 ^, 
(6,1 + 6,2 + 6,3) h - d .f2 o 771,2,1 = 0. 
Put £ M = -^X 2 y 2 ^ and 771,2,2 = -fi 8 ^. Then we have the following: 

(6,i + 6,2 + 6,3 + 6,4) o h - dh o (771,1,1 + 771,1,2) = 0, (5.3) 

(6,1 + 6,2 + 6,3 + 6,4) ° h - df 2 o (771,2,1 + 771,2,2) = y x9 W' ( - 5 ' 4 ' ) 

Note that the right hand side of (5.3) (resp., the right hand side of (5.4)) is the right 

hand side of (5.1) (resp., the right hand side of (5.2)) multiplied by (|) 2 - Thus, 
the following vector field 6 must be liftable over /. 

2\ 2 /2 x4 



6 - 6,1+6,2+ ^1+ j +---J (6,3 + 6,4) 

= (6XY -6X 2 Y 2 )— + UY 2 + 5X 3 -9XY 3 ) — . 

oX oY 

Next, put 772,1,1 = 2x 3 ^, 772,2,1 = 3x 4 J| and £ 2 ,i = 4X 2 ^ + 6XY^. Then, 
we have the following: 

6,1 h - dfi ° 772,1,1 = 0, 

b d 

6.1 h - dh ° 772,2.1 = -5a: — . 

oX 

Put 6,2 = ^Y 3 -^. Then we have the following: 



d 

(6,1 + 6,2) o fx - df x o 772,1,1 = 5x9 q-^: ( 5 - 5 ) 

(6,1 + 6,2) ° /2 - d/2 ° 772,2,1 = 0. (5.6) 
Put 6,3 — ~5X 3 y^ and 772,2,2 = — f^ 9 ^- Then we have the following: 
(6,1 + 6,2 + 6,3) fi - dfx o (772,1,1) = 0, 

(6,1 + 6,2 + 6,3) h - 4h ° (772,2,1 + 772,2,2) = y x1 °W 

Put 6,4 = -fX 2 Y 2 J^ and 772,1,2 = -f x 8 -^. Then we have the following: 

(6,1 + 6,2 + 6,3 + 6,4) ° h - dfx o (772,1,1 + 772,1,2) = y x9 ^> ( 5 - 7 ) 

(6,1 + 6,2 + 6,3 + 6,4) ° h - d h (772,2,1 + 772,2,2) = 0. (5.8) 
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Note that the right hand side of (5.7) (resp., the right hand side of (5.8)) is the right 
hand side of (5.5) (resp., the right hand side of (5.6)) multiplied by (|) . Thus, 
the following vector field 6 must be liftable over /. 

6 = 6,1+6,2+ (i+ (f) +•••) (6,3 + 6,4) 



= (4X 2 + 5Y 3 -9X 3 Y) — + (6XY - 6X 2 Y 2 ) — . 

oX oY 

Therefore, the following constitute a set of generators for the module of vector 
fields liftable over /. 

6 = (6XY-6X 2 Y 2 ) — + {W 2 + hX 3 -9XY 3 ) — , 
6 - (AX 2 + 5Y 3 -9X 3 Y)— + (6XY -6X 2 Y 2 ) — . 
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